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Integrals of logarithmic forms on semi-algebraic sets and a 

generalized Cauchy formula 
Part I: convergence theorems 

Masaki Hanamura, Kenichiro Kimura, and Tomohide Terasoma 


Abstract 

In this paper consisting of two parts, we study the integral of a logarithmic differential 
form on a compact semi-algebraic set in M” or C"'. In Part I, we prove the convergence of 
the integral when the semi-algebraic set satisfies allowability (or admissibility), a condition 
on the dimension of the intersection of the set and the pole divisor of the differential form. 
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This paper consists of two parts. The purpose of Part I is the study of integrals of differential 
forms on semi-algebraic sets on M” or C”. In particular, we investigate conditions under which 
the integral converges. In Part II, we formulate and prove a generalization of the Cauchy 
formula for integrals on semi-algebraic sets. The formula will play a key role in constructing 
the “Hodge realization” functor from the category of mixed Tate motives over C. 

The integral we consider is typically of the form 

/ -A • • • A- 

Ja 


where d is a compact semi-algebraic set of dimension n in C". For instance, for a real number 
a with 0 < a < 1, we have dz/z = — log(a); for the set Sa = {(ti, ^ 2 ) £ I 0 < < 1, 0 < 

t 2 < a,ti +12 > 1}, we have 



dzi ^ dz2 

Zl Z2 


-Li2(a) 


where Li 2 {z) = \z\ < 1, is the dilogarithm function. More generally values of 

the polylogarithm functions Lip{z) = z^l"nF, p>2, can be expressed as integrals on C”. 

Other examples arise as the period integrals of the cohomology — (UEIj), V — (UEIj)), 

where H* = {zi = 0}, f = 0, • • • ,n, are the coordinate hyperplanes and V is a subvariety of 
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For examples of such integrals which naturally appear in algebraic geometry, the convergence 
may be verihed by direct methods. On the other hand, one may seek for a general geometric 
condition for the convergence. Answering this question, the results in this paper. Theorem 

(3.12) and Theorem (4.4), ensure the convergence under a simple assumption on the dimension 
of the intersection of the semi-algebraic set with the pole divisors of the form. 

In §1, we give a general discussion on the dehnition and properties of integrals of differential 
forms on a semi-algebraic set, based on the Lebesgue integration theory. For this we hrst 
describe Lebesgue integration of a smooth form on a smooth manifold; this material is included 
for lack of appropriate reference and for setting up the necessary notation. We then study 
integration on a semi-algebraic set. Let S be an oriented closed semi-algebraic set of M”, with 
dim S = m, and let be a smooth m-form dehned on an open semi-algebraic set U of S, which 
is a Nash submanifold of M”, with dim(S'\17) < m. Then one can dehne the integral fg \ip\ as 

|(/?|, which is a non-negative real number (possibly inhnite). When /^ |</?| < +cxo (we then 
say that fg ip is absolutely convergent) one can also dehne the integral fg ip, which is a real 
number. For the arguments in §1, some basic results on semi-algebraic sets are needed; we have 
indicated how they can be derived from known facts found in [BCR]. 

In §2, we establish some basic results which will be useful throughout our paper. We 
hrst show Proposition (2.5). As a consequence, if S is compact semi-algebraic of dimension m, 
h : S' —?■ a continuous semi-algebraic map, and ijj a smooth m-form dehned on a neighborhood 
of h{S) in M^, then the integral fg |h*'0| is hnite. (This is an “easy” convergence theorem.) 

Another consequence of Proposition (2.5) is the Stokes formula: if S' C M"" is a semi- 
algebraic set. S' = A"* as a semi-algebraic set of M”, and ip a smooth (m — l)-form dehned on 
a neighborhood of S', then one has 

[ Ip =[ dip. 

Jss Js 

Note that it has been known that the Stokes formula holds more generally for sub-analytic sets 
(see [He]). See also [OS] for a diherent approach in the case of semi-algebraic sets. 

In §3, which is central to Part I, we consider the following question: Given an oriented 
compact semi-algebraic set A C M” of dimension n and a smooth n-form uj dehned on an open 
set of A, under what condition the integral f^ uj converges? 

We assnme that uj has only logarithmic singularities along the coordinate hyperplanes. An 
non-empty intersection of coordinate hyperplanes is called a face. We introduce the notion of 
allowability for a closed semi-algebraic set A of as follows: A is allowable if the intersection 
of A with any face F has dimension strictly less than dimF. Our main result is Theorem 

(3.12) : If A is compact and allowable in M"', and ca is a logarithmic u-form, then the integral 
f^u absolutely converges. The proof is outlined at the beginning of §3. 

In addition, we consider the slice of A by a coordinate of and study its volume with 
respect to a logarithmic form. More precisely, for A compact and allowable, let A^ = An{a;i = 
t}, the intersection of A with the hyperplane {xi = t] for f G M with |f| small and non-zero. 
Since At is of dimension < n —1, if uj is an (n—l)-form on M” with only logarithmic singularities, 
one has the integral |ci;|; we show in Theorem (3.14) that it tends to zero as t —?■ 0. 

In §4, we study integrals on semi-algebraic sets of C"". For a compact semi-algebraic set 
A of C” of dimension m (where n < m < 2n), and for an {n,m — ?7,)-form uj on C"" with 
only logarithmic singularities along the coordinate hyperplanes, we ask when the integral f^ uj 
absolutely converges. We dehne the notion of m-admissibility o\i A, and when A is m-admissible. 
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we show that the integral converges, Theorem (4.4). The proof consists of reduction to an 
integral of an allowable algebraic set in by means of a change of coordinates (essentially by 
the polar coordinates) and then applying Theorem (3.12). Also, as a counterpart of Theorem 
(3.14), we show in Theorem (4.7) that, for A compact and m-admissible, if At ■= A A {\zi\ = 
t > 1 ^ 2 !} for f G M with |t| small, and cn is an {n,m — n — l)-form on C"" with logarithmic 
singularities, then |ci;| tends to zero as f —?■ 0. Theorems (4.4) and (4.7) will be effectively 
used in the proof of of the Cauchy formula in Part II. 

We would like to thank Professor T. Suwa for helpful discussions on the intersection theory 
of semi-algebraic sets; they are incorporated in Part II. 
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§1. Integration on semi-algebraic sets 

Integration on a manifold. Let M be an m-dimensional oriented (7°°-manifold (satisfy¬ 
ing the second axiom of countability). By an m-form ip on M, we mean a possibly discontinuous 
section of A'^T*M, the m-th wedge product of the cotangent bundle of M; thus on each oriented 
chart U with coordinates (xi, • • • ,Xm), one can write 

ip\u = g dxi A ■■■ A dxm 

where 5 ^ is a function on U with values in M. We say that is a measurable m-form if, on each 
chart U, g is Borel measurable function. 

For convenience of the reader, we recall that the a-algebra S of the Borel measurable sets of 
M is the smallest a-algebra containing all open sets. A function / dehned on i? G B and takes 
values in M U {±00} is Borel measurable if for any c G M U {±00}, the set {x & E \ f{x) > c} 
is in 

A measurable m-form ip is non-negative with respect to the orientation if on each oriented 
chart U, the function g is non-negative. Let {Ua} be a countable covering by oriented charts, 
and {pa} be a partition of unity subordinate to the covering. For each Ua, write ip\u^ = 
ga dxiA- ■ -Adxm where (xi, • • • , Xm) are the local coordinates and ga = • • • , Xm) is a non¬ 

negative measurable function. For a Borel measurable set E of M, dehne p,p{E) G R>oU{-|-cxo} 
as the countable sum 

P^{E) Paga dxi--- dx^ , 

„ JEnUc 

where each term paga dxi ■ ■ ■ dXm is the Lebesgue integral of the measurable function 

Paga on the Borel set E P\Ua oiUa] note that Ua is identihed via the local coordinates with an 
open subset of M”^, where the usual Lebesgue integration theory applies. The value Pip{E) is 
well-dehned, independent of the choice of a covering {Ua} and {pa}] this can be shown using 
the change of variables formula for the Lebesgue integral. 

The set function Pip{E) satishes the complete additivity: If {Ek)k=i, 2 ,- is a disjoint family 
of Borel measurable sets, then 


OD CXD 

^ ^ ^ Pip{Ek) ■ 

k=l k=l 


Indeed, setting E 
one has 


= Yhk^k, by the complete additivity of the Lebesgue integral on each Ua, 


/ PaPa dxi--- dXyn = / 

JEnUa u JE^nUa 


PaPa dx\ • • • dXn 


Taking the sum over a gives the assertion. 

We thus obtain a measure space (M, where B is the a-algebra of Borel measurable 

sets of M. For this measure space we have the usual Lebesgue integration theory, some of 
which we briefly recall: 


• For a non-negative Borel measurable function / dehned on a measurable set E, we can 
dehne the integral 

/ / dpif, G M>o U {-I-cxd} . 
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(The definition will be briefiy recalled in the proof of Proposition (1.1). ) We say that / is 
integrable with respect to if f < +cxo. 

In what follows, we will consider only Borel measurable sets and Borel measurable functions, 
so we will often drop the prefix “Borel”. 

• For / a Borel measurable function on E, one has / = — f~, where f~^{x) = 

Max{f{x),0) and f~{x) = Max{—f{x),0) are non-negative Borel measurable functions. We 
say that / is absolutely integrable with respect to if /■*■ and f~ are both integrable (equiv¬ 
alently if I/I is integrable); then we can define the integral of / on F' by 

[ fdfXp= [ f'^ dfXp - [ f~ dfip^R. 

Je Je Je 


It is useful to note that the integral J f dfi^ can be expressed as a sum of integrals on charts: 


(1.1) Proposition. Let M, {Ua\, and {pa\ be as above. Let p be a non-negative measurable 
m-form on M and, and write ip\u^ = gadxi A • • • A dxm with ga a non-negative measurable 
function on each Ua- 

(1) For a non-negative Borel measurable function f on a Borel measurable set E of M, we 
have 

/ fdpp = '^ Pafgadxi---dx^eR>oU{-^oo}. 

J E ct EC\Uct 

(2) Let f be a Borel measurable function on E, which is absolutely integrable with respect 

to Pp. Then, for each a, the integral PafQadxi ■ ■ ■ dxm is absolutely convergent; further 

the sum Jehu Pafda dxi ■ ■ ■ dXm is absolutely convergent and we have 


[ fdpp, = J2[ 

J E rv Er^Ucy 


PafPa dXi--- dXr^ 


Proof. (1) If / = Xe, the characteristic function of a Borel measurable set E, then the identity 
amounts to 

^ ^ / PolQol dx± * * * dXfji , 

^ JEnUa 

which is the definition of pp{E). If / is a simple function, namely if / = ^ CiXEi for a disjoint 
finite family of Borel measurable sets {Ei}, the identity holds by linearity. 

For an arbitrary measurable function f > 0 on E, there exists a monotonically increasing 
sequence of simple functions fn{x) such that hm/„(x) = f{x). For each n we have the identity 


/ fn dpip ^ ^ / 

J E rv d EC\Ucy 


PafndadX\ • • •dx^ 


When n —)■ oo, the left hand side tends to Jg / dp^, by the definition of the Lebesgue integral. 

On the right hand side, for each a, PafnPa is monotonically increasing and \impafnPa = 
PafPa') by a well-known property of the Lebesgue integral, we have 


lim 

n^oo 


PafnPa dX\ • • • dx^, 


'EnUa 


lim 

n—^oo 


PafPa dXi--- dXr. 


EOUa 
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The identity hence follows. 

(2) If / is absolutely integrable, one can apply (1) to and /“, so that 


j E y-y, Ef\U Gt. 


Paf^Qa dXi--- dXr. 


The assertion hence follows. 


□ 


Next assume we are given a measurable m-form ip on M. On each oriented chart U, one 
has ip\u = gdxi A • • • A dxm, where g is a. measurable function on U. We have non-negative 
measurable m-forms and ip~ on M with the property that (p = — (p~ and on an oriented 

chart, 

P^\u = g^dxi A • • • A dxm and p>~\u = g~dxi A • • • A dx^ 

where g = g^ — g~ is the decomposition of g to the positive and negative parts. Then \p}\ := 
+ p>~ is another non-negative measurable m-form, and on an oriented chart, \p}\ \u = \g\dxi/\ 
■ ■ ■ A dXm- 

We can apply the discussion before to the non-negative forms (p^, (p~ and |(^|; associated 
with these m-forms are the measures /i(^+, and 

Let now / be a Borel measurable function on a Borel measurable set E. If / is non-negative, 
we have the integral with respect to the measure 




G M>o U {-|-oo}. 


When / is not necessarily non-negative, but absolutely integrable with respect to (thus 
also with respect to and we have 



e M 


and 



G M; 


thus we shall set 


fdp^ = / fdp^+ - / fdp^ 


From Proposition (1.1) and the dehnitions we obtain: 


(1.2) Proposition. Let ip be a measurable m-form on M, and write (p\ua = dadxi A • • • A dXm 
with a measurable function g^ on each Ua- 

(1) For a non-negative Borel measurable function f on a Borel measurable set E of M, we 
have 

/ / dp^+ = ^ / Pafgt dxi--- dxm G M>o U {+oo} . 

J E OL Ef\U(y. 

Similarly for <p~ and \ip\, with gf replaced by g~ and \ga\, respectively. 

(2) Let f be a Borel measurable function on E, which is absolutely integrable with respect 
to /i|^|. Then, for each a, the integral pafga dxi ■ ■ ■ dXm is absolutely convergent; further 
the sum E/a Jehu Po^fPo^ dxi ■ ■ ■ dxm is absolutely convergent and we have 


[ fdp^ = J2[ 

J E rv E^Ucx. 


PafgadXi---dXm G 
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Proof. (1) One applies (1.1), (1) to the form ip~^. 

(2) Writing / = /“*" — /“, apply (1) to /+ and f~ to obtain four equalities 





Pafg'a dXi ■■■dXr. 


' EnUa 


where ' and " are elements of {±}. By the assumption of absolute convergence, all the four 
values are hnite, and we obtain the assertions. □ 

The following is obvious from the dehnitions. 


(1.3) Proposition. Let (p be a measurable m-form on M, E a Borel measurable set, and f 
be a Borel measurable function on E. Then f is absolutely integrable with respect to yU.|^| if and 
only if I/I djUj^i < +oo; we then have 




(1.4) Proposition. A submanifold N of M with dimiV < m is a set of measure zero with 
respect to In particular, for any non-negative measurable function f on N, the integral 
fjv f dp\ip\ = 0. 

Proof. The intersection fl is a submanifold of 11^ of dimension < m, and it is easy 
to show that it has measure zero with respect to the Lebesgue measure dxi ■ ■ ■ dxm- Thus 
Iehu Poildal dxi ■ ■ ■ dXm = 0 , and it follows from the dehnition of that 

/i|^|(iV) = ^ / Pa\ga\ dxi--- dXm = 0 . 

„ JNnUc 

□ 


If if and "0 are measurable m-forms on M, (p + /; is a measurable m-form. 


(1.5) Proposition. (1) Let (p and fj be non-negative measurable m-forms on M. For a non¬ 
negative measurable function f on E, we have 


fdp^+.,p= / fd/i^P / f dp^ eR>oU {+ 00 } . 


(2) Let ip and fj be measurable m-forms on M. For a non-negative measurable function f 
on E, we have an ineguality 






If f is a measurable function, which is absolutely integrable with respect to /i|^| and then 
f is also absolutely integrable with respect to p\ip+ii,\. 

(3) When f is absolutely integrable with respect to and we have 


f / f dp^p -|- 
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Proof. (1) and (2) follow from (1.1), (1). 

(3) The first assertion follows from (2) applied to |/|, and the second follows from (1.2), 

( 2 ). □ 


If (f is an m-form on M and / a function dehned on a subset then / may be viewed 
as a function on M (which takes the value zero outside E), so f(p is an m-form on M which 
vanishes outside E. 


(1.6) Proposition. (1) Let (f be a non-negative measurable m-form on M, and f be a non¬ 
negative M.-valued measurable function on a measurable set E. Then we have 



M>o U {-|-CK)}. 


(2) Let (f be a measurable m-form on M, and f be an W-valued measurable function on 
a measurable set E. Then f is absolutely convergent with respect to if and only if 1 is 
absolutely convergent with respect to in this case we have 



dfi jip G M. 


Proof. (1) Follows from (1.1), (1). 

(2) The hrst assertion follows from (1) applied to |/| and \ip\. The second assertion follows 
from (1.2), (2). □ 

This shows that little is lost if we consider only the case / = 1. Therefore, in setting up the 
following notation, we assume / = 1. 


(1.7) Notation. Let M be an oriented manifold of dimension m. For a measurable m-form 
on M on a measurable set E, we will write 


and similarly 

With this notation, we have 

by (1.6), (2); also we have 
by (1-5), (2), and 
by (1.5), (3). 



for 






for 







fP 



\p + f^\< 




(t^ + V') 






(1.8) Unoriented case. Assume M is not oriented (or even not orientable). Let {Ua} be a 

countable covering by unoriented charts, and {pa\ be a partition of unity subordinate to the 
covering. Given a measurable m-form tp on M, on each Ua, write ip\u^ = Padxi A • • • A dxm 
where (xi, • • • , Xm) are the local coordinates and Pa = ■ ■ ■ , Xm) is a measurable function. 

For a Borel measurable set E of M, we set 

P\^\{E) = ^ / Pa\ga\dxi ■ ■ ■ dXm G M>o U { + 00} ; 

„ J EnUa 

then /i|(p| dehnes a measure on In case M is oriented, this coincides with the measure 

p\^\ dehned earlier, which justihes the use of the same notation. In general, however, note that 
|<p| does not have a meaning. 

If / is a non-negative Borel measurable function taking values in M>o U {+cxd} dehned on a 
measurable set E, we have the integral 

/ / dp\ip\ G M>o U {-I-cxd} . 

Je 

If / is a measurable function on E, which is absolutely integrable, the integral f dp\^\ G M 
is dehned. 

We have an analogue of (1.1), where Pa should be replaced with the proof is the same. 
We also have analogues of (1.4), (2) of (1.5), and (1.6). 

As in the oriented case, we will write \ip\ for j^dp\^p\. 

(1.9) By standard arguments one may generalize all of the dehnitions and results to the case 
of C-valued forms and C-valued functions /. For example, (1.3), (1.4), (2) and (3) of (1.5), 
and (2) of (1.6) hold. 

Integration on a semi-algebraic set. Let V be an algebraic set of We say that 
X G Id is a non-singnlar point in dimension d if there is an irredncible component V of V 
with dim V = d, such that V is the only irreducible component of V containing x, and x is a 
non-singular point of V. (See [BCR, Dehnition 3.3.9 and Proposition 3.3.10].) 

If V is an algebraic set of dimension d, then the set of non-singular points of V in dimension 
d, denoted RegiV), is a Zariski open set of V and the complement V — RegiV) is an alge¬ 
braic subset of dimension smaller than d, [BCR, Proposition 3.3.14]. Also, RegiV) is a Nash 
submanifold of dimension d of ([BCR, Proposition 3.3.11]); for the dehnition of a Nash 
snbmanifold see [BCR, §2.9]. 

Let S C M"" be a semi-algebraic set of dimension m. Let V be the Zariski closure of S (so 

O 

V is of dimension m), and S be the interior of S in V. 

O 

(1.10) Proposition. The set Sreg := S' Fl RegiV) is a non-empty open semi-algebraic subset 
of S, which is a Nash submanifold of MU of dimension m. 

Proof. The set S' -.= S H RegiV) is a non-empty semi-algebraic subset of dimension m, since 

O 

dim(l/ — RegiV)) < m. As S is an open semi-algebraic set of RegiV), Sreg is either empty or 
an open Nash submanifold of V. It thus remains to show that Sreg is not empty. 

By [BCR, Proposition 2.9.10], S' is a disjoint union of a hnite number of Nash submanifolds 
S'' with dimension di < m. Take an S'' with di = m (there exists at least one); then it is an 
open Nash submanifold of RegiV), so it is contained in Sreg, and the assertion is proven. □ 
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We call Sreg the regular part of S. Note that dim(S' \ Sreg) < fn. 

(1.11) Proposition. Let f : M ^ N be a surjective Nash map between Nash submanifolds. 

(1) There is an open Nash submanifold U of N with dim(iV \U) < dim N such that f\f-i{u) • 
f~^{U) U is submersive (i.e. for each x G f~^{U), the rank of the differential map d^f : 
T^M Tfi^x)N is equal to dimiV ). 

(2) Assume further that dimM = dimA^ = m. Then the map f : f~^{U) U of (1) 
is a local Nash diffeomorphism (i.e., for any point x G f~^{U), there are open semi-algebraic 
neighborhoods W of x and U' of f{x) such that flw is a Nash diffeomorphism from W to 
U'). In particular, if f is a semi-algebraic homeomorphism, then f : f~^{U) U is a Nash 
diffeomorphism. 

Proof. (1) This follows from Sard’s theorem for Nash maps [BCR, Theorem 9.6.2], which states 
that the set of critical values of / is a semi-algebraic set of dimension smaller than dim N. 

(2) The differential map is an isomorphism, so the claim follows from the semi-algebraic 
inverse function theorem [BCR, Proposition 2.9.7]. □ 

(1.12) Proposition. Let f : S ^ S' be a semi-algebraic homeomorphism of semi-algebraic 
sets of dimension m. Then there exist open semi-algebraic sets U (Z S, U' C. S', with 
dim{S\U) < m, dim{S'\U') < m, such that U, U' are Nash submanifolds and f induces a 
Nash diffeomorphism Lf ^ Lf. 

Proof. By (1.10) one may assume that S and S' are Nash submanifolds. We conclude by 
applying (1.11), (2). □ 

(1.12.1) Corollary. Let S be a semi-algebraic set of dimension m and / : S' —)■ M &e a 
continuous semi-algebraic function. Then there exists an open semi-algebraic set U of S with 
dim(S\f/) < m such that LI is a Nash submanifold and f is a Nash function on U. 

Proof. Let 

r(/) cSxR 

be the graph of /, which is a closed semi-algebraic set; the projection pi : T{f) —)■ S' is a 
semi-algebraic homeomorphism. 

By (1.12), there is an open semi-algebraic set f/ of S' with dim{S\U) < m, which is a Nash 
submanifold, such that pf^{U) is also a Nash submanifold and pi : pf^{U) —)■ f/ is a Nash 
diffeomorphism. li fo = f\u : U — )■ M is the restriction of / to U, then pf^{U) is identihed with 
the graph of /o, so it follows that /o is a Nash map. □ 

(1.13) Let S' be a semi-algebraic set of dimension m. We shall dehne the space of generically 
defined smooth differential forms on S'. Denote by Op{S) the collection of non-empty semi- 
algebraic subsets U of Sreg with dim{S\U) < m, which is a Nash submanifold of dimension 
m. Note that if U,U' G Op{S), then U O U' E Op{S). Thus with respect to the ordering 
U < U' ^ U D U', Op{S) is a directed set. 

For U in Op{S), A^{U) denotes the vector space of smooth p-forms on U. li U' Z U are 
subsets in Op{S), there is the restriction map A^{U) —>■ A^{U'). Set 

AP{U) , 
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the inductive limit over U G Op{S). There is the differential map d : induced from 

the differential d : Ap{U) There is also the wedge product map A^g Ag ^ 

Suppose that an orientation of Sreg is given (we will say for simplicity that S is oriented). 
If we are given an element (p of A™ represented by G A'^{U) for U G Op{S), and a Borel 
measurable function / on a Borel measurable set E of S, then the restriction f\unE is a Borel 
measurable function on EnU. We can thus apply the dehnition of (1-7) to the Nash submanifold 
U, the form if and the restriction f\ur\Ei so we have the integral ^g^^u{f\Enu)dpLp- By (1.4), 
this is well-dehned, independent of the choice of a representative for ip G A™. Thus we write 

/ fdp^ for / {f\Enu)dpi^. 

Je J Er\U 

If / = 1, it will be abbreviated to 

Similarly, for Sreg oriented or not, we have the integral ^g^jj{f\Enu)dp\g,\ and for which we 
will write ^^fdpi\^p\. 

In the above discussion we could have replaced “smooth” forms by “measurable” forms on 
U ; but we will be mainly interested in the former. 

(1.14) The space A'^ and the integral is a topological invariant in the following sense. Let 
/ : S' —?■ S" be a semi-algebraic homeomorphism of semi-algebraic sets of dimension m. There 
exists an isomorphism /* : A^, A'g given as follows. For p G A'^{U') with U' G Op{S'), we 
may assume by (1.12) that U = is in Op{S) and 7/ —)■ f/' is a Nash diffeomorphism; 

then one has {f\u)*p G A'^{U), and represents an element f*p of A^. 

Assume further that S and S' are oriented, and that / preserves the orientation (on suitable 
U and U'). Then from the dehnitions we have 



Similarly in the unoriented case, fg \f*p\ = Jg,\^\- 
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§2. Basic results on integration of semi-algebraic sets 

(2.1) Let S' C M"' be a semi-algebraic set of dimension < m. Let : S' —)■ be a continuous 
semi-algebraic map, C be an open set containing h{S), and '0 be a smooth m-form on 12. 

By (1.12.1) there exists a set U G Op{S) such that the restriction h\u : U ^ is & Nash 
map. The map h\u : —)■ 12 is a smooth map, so we can dehne the pull-back as a 

smooth form on U, namely as an element of A'^{U). We denote its image in by h*Tjj. (If 
dim S' < m, we have of course h*'ip = 0.) When dim S' = m, by the previous section we have 
the integral and if S' is oriented, Jgh*'ijj. When dim S' < m, we set fg |h*'0| = 0 for 

convenience. 

If T = h(S') C is the image of h, the map h factors as S'—where i is 
inclusion. Since T has dimension < m, i is continuous semi-algebraic and 12 contains T, the 
pull-back A'ljj (also denoted ' 0 |r) in A^ can be dehned. 

(2.2) Definition. Let 5^ : S' —)■ T be a continuous semi-algebraic map between semi-algebraic 
sets. Let Tq = {m G T | g~^{u) is a hnite set} and 

5{g) := Max^gTo tl(fi'"^(w)) 

which is a non-negative integer. If Tq is empty (namely if all the hbers have positive dimension), 
we set the number 5{g) to be zero. 

(2.3) Lemma. Let S be a semi-algebraic set of dimension m, {S'j} be a finite partition of S 
into semi-algebraic subsets, and assume given, for each Si with dimension m, a set Ui G Op{Si). 
Then there exists a set U G Op{S) such that U A Si (Z Ui for each Si with dimension m, and 
such that U is the disjoint union of U A Si. 

Proof. Let V = Szar and Vi = {Si)zar be the Zariski closures of S and Si, respectively; let / be 
the subset of those indices i with dim Sj = m, and 

ijGl 

For distinct i,j G I, dim(Vi fl Vj) < m, hence diml/' < m. Note that the sets Vi — V' for z G / 
are disjoint from each other. Thus the set 

U := U(f/. - V) 

i£l 

satishes the required property. □ 

(2.4) Proposition. Let S C M"' be a semi-algebraic set of dimension < m, and h : S ^ 

n C R^j G yi"*(12) be as above. For {S'*} a finite partition of S into semi-algebraic subsets, 
let hi : Si ^ R^ be the restriction of h to Si. Then we have 

[ / \^i^\■ 

V S J Si 
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Proof. Let Ui G Op{Si) be such that hi is a Nash map from Ui to One takes U G Op{S) 
satisfying the conditions of the previous lemma. By dehnition we have 

[ \h*fj\= [ \{h\uyfj\ and [ \h*fj\= [ \{hi\uy*y\■ 

Js Ju JSi JUi 

Since U is the disjoint union oi U r\ Si, we have 

Ju j JunSi 

For each i, 

[ \ih\um= [ Mum 

JunSi JUi 

by (1.4), proving the proposition. □ 

(2.5) Proposition. Under the assumption (2.1), we have 

f \h*fY\<6{h) f Mt)\. 

fJ S 'J T 


Proof, (i) Let {T*} be a hnite partition of T into semi-algebraic subsets and 


hr.S,= p-\T,) ^ T, M' 


be the restriction of h to S^. Then we claim that the inequalities as stated for hfs imply the 
inequality for h. 

Indeed, by (2.4) we have 




and [ \h*y\ = j \h*'ip\ , 
Js JSi 


and 6{h) = Max* (5(hj). 

(ii) Let / : S' —?■ S" be a semi-algebraic homeomorphism and h' : S' ^ be the semi- 
algebraic map such that h' o f = h. Then h*ip = f*h'*'ip, where f* was dehned in (1.14), 
hence 

/ \h*y\ = [ |h'>| . 

Js Js' 

For the proof of the proposition, take a hnite partition {Tj} of T into semi-algebraic subsets 
and semi-algebraic homeomorphisms h~^{Ti) —yPiXFi over Ti for some algebraic sets F) 
(see [BCR, p. 221, Theorem 9.3.2]). By (i) we have only to prove the inequality for each 
hi-.Si^TiC Mh 

Thus assume that there exists a semi-algebraic homeomorphism S' —)■ T x F over T. By (ii) 
we may assume that S = T x F and the map S' —)■ T is projection p : T x F ^ T. 

If dimT < m, then h*y = p*{i*'ip) is zero since i*ip = 0 for dimension reasons. Thus the 
integral of \h*'ijj\ on S is zero, and the inequality holds. 
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If dimT = m, then F consists of a finite number of points {Pj}, and the restriction of p to 
U,=T X {Pj} is the identity map on T; thus we have 

/ = ^ / |A>I = «(F)- / I«'|t)|, 

tJ S T 

so the stated inequality (indeed equality) holds. □ 

When S is compact, the integral fg absolutely converges: 

(2.6) Theorem. Under the assumption (2.1), assume that S is compact. Then the integral 

[ \h*i^\ 

Js 

is absolutely convergent. (Thus if S is oriented, fgh*^) E M is defined.) In particular, if if 
is a smooth m-form on an open neighborhood of S in its ambient space M”, then fg K'^ls)! is 
absolutely convergent. 

Proof. Let 1 x h : S' M” x be the semi-algebraic inclusion obtained as the product of the 
inclusion S' —)■ R”' and the map h. Then h*ilj = (1 x hfip^if, where p 2 : R” x R^ —t is the 
second projection. Replacing S' C R” with S' C R” x R^, we will assume that h is the inclusion 
to its ambient space, and if is dehned on an neighborhood of S'. 

The form if is a. hnite sum of the forms 


a dxi, A • • • A dxi 

I'm 

where a is a smooth function dehned on a neighborhood of S'. By (2) of (1.5), one may assume 
if = a dxi.^ A • • ■ A dxi^. Since a is bounded on S' by compactness, it is enough to consider the 
case if = dxi A • • • A dxm- 

Let g : S' —?■ R™' be composition of the inclusion with projection R” —)■ R™' to the hrst m 
coordinates, and apply the proposition to q and if = dxi A • ■ ■ A dxm- We obtain 

/ KV'Is)! < <5(g) / \dxi P ■ ■ ■ P dXra\ , 

Js JgiS) 

and the integral on the right hand side is hnite since g(S') is compact so its Lebesgue measure 
in R™ is hnite. □ 

(2.6.1) Remark. An analogous statement for a smooth manifold S' with boundary is false. 
More precisely, let S' be a compact m-dimensional manifold with boundary, and let S' R” be 

O 

a continuous embedding which is smooth on the interior S' and on the boundary hS' of S'. For 
if a smooth m-form on R”, the integral 



can be inhnite. 
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For the proof of the Cauchy formula, and for the proof of the next proposition, it is con¬ 
venient to state a consequence of (2.5) as in the following proposition. Note that, if / is a 
continuous semi-algebraic function, then df G 

(2.7) Proposition. Let S be a compact oriented semi-algebraic set of dimension m, and a, 
fir '' T fm be continuous semi-algebraic functions on S, so adfi A ■■■ A dfm G A^. We take 
f = (/i, • • • , fm) ■ S -A M™, a continuous semi-algebraic map. Then we have 


a dfi A ■ ■ ■ A df„ 


< 6{f) ■ (Max|a(x)|) 

xGS 


dxi ■ ■ ■ dx„ 


’fiS) 


Proof. We obviously have 


adfiA---Adf„ 


< Max \a{x) \ ■ / \dfi A ■ ■ ■ A df„ 


xGS 


Applying (2.5) to the map / and the form ip = dxi A ■ ■ ■ A dxm, we have 


/ |d/i A • • ■ A dfm\ < d{f) ■ / \dxi A • • ■ A dxm\ , 
's Jf{S) 


verifying the assertion. 


□ 


(2.8) Proposition. Let S C M™' be a compact oriented semi-algebraic set of dimension m, 
77 : S' X [0,1) —)■ 6e a continuous semi-algebraic map, hi an open neighborhood of the image 
of H, and if a smooth m-form on kl. For t > 0, denote by ht : S ^ the restriction of h to 
S X {t}. Then we have 

/ hlfj ^ / h^f) as f —)■ 0 . 

Js Js 


Proof. By Theorem (2.6), we know that for each t, Jgh'l'i/j is absolutely convergent. 

One may assume that the image of H is contained in O, and ip = cdxi^ A ■ ■ ■ A dxi^ with 
c G yi°(0); after renumbering, let ip = cdxi A ■ ■ ■ A dXm- The functions fi{x,t) = H*{xi) for 
i = 1, • • • ,m and a{x,t) = H*c are continuous semi-algebraic on S' x [0,1). Our assertion is 


now 


/ a{x,t) dfi{x,t) A ■ ■ ■ A dfi{x,t) ^ / a(x, 0) (i/i(a:, 0) A • • • A d/i(a:, 0) 

'5 Js 


as 


f 0. Set /(a; /i, • • • , /m) = J^adfi A ■ ■ ■ A dfm- We have 


I{a{x,t)-,fi{x,t),--- ,f^{x,t)) -/(a(a:,0);/i(x,0 ),-- - ,/m(x,0)) 
= I{a{x,t) -a{x,0);fi{x,t),--- ,/m(x,t)) 

+I{a{x,0)-Ji{x,t) - fi{x,0),--- ,fm{x,t)) 

+I{a{x, 0); fi{x, 0), / 2 (x, t) - f 2 {x, 0), fsix, t) ■ ■ ■ , fm{x, t)) 


+I{a{x, 0); /i(x, 0), • • • , fm-l{x, 0), fm{x, t) - fm{x, 0)) . 
We will examine each term in the sum. 
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Let 


Ho = (/i(x, t), • • • , fUx, t)):Sx [0,1) ^ X [0,1) 
and ho^t = L^o|sx{t} : S —?■ M™'. Note that (5(ho,t) < S{Ho). Also we have a map, for i = I, 


.m. 


Hi = (/i(x,0),--- ,/i_i(a:,0),/i(a:,t)-/i(a:,0),/i+i(x,t),-- - ,frn{x,t)) : S'x [0,1) -^M”^x[0,1) 


and its restriction hi^t = hfilsxp} : S —)■ M"*; we have 5{hi^t) < ^{Hi). 

For the first term in the sum, we have by the previous proposition 

|/(a(x,t) - a(x,0);/i(a:,t), • • • ,/m(x,t))| 

< (5(ho,t) • ||a(a:,t) - a(a:, 0)||5 • vol{ho,t{S )), 

where ||a|| denotes the sup norm of a function on S', and vol is the Lebesgue measure in M™. 
One has 5{ho^t) < ^{Hq), ||a(a:,t )||5 —)■ 0 as S' is compact, and no/(ho,i(S')) is bounded by 
vol{Ho{S X [0,1/2])) for t < 1/2; thus the first term tends to zero. 

For the other terms, we have 

|/(a(a:,0);/i(x,0), • • • , fi_i{x,0), fi{x,t) - fi{x,0), fi+i{x,t), ■ ■ ■ ,fm{x,t))\ 

< 6{hi^t) ■ ||a(x,0)||5 • vol{h^{S)). 

We have 5{hi^t) < S{Hi). Since fi{x,t) —)■ fi{x,0) as t ^ 0 uniformly on S and fj{x,t) is 
uniformly bounded for each j, vol{hi^t{S)) 0. Hence the terms also tend to zero. □ 

Recall that A”* is a compact semi-algebraic set of defined by Xj > 0 for i = 1, • • • ,m 
and equip A”^ with the same orientation as M”^. We say that a continuous 

semi-algebraic map h : A™ —)■ M” is facewise smooth if the restriction of h to the interior of any 
face is a smooth map. 

It can be proven that any compact semi-algebraic set S' C M” allows a semi-algebraic 
triangulation such that the inclusion of each simplex in M” is facewise smooth. 


(2.9) Theorem. Let S' = A”* and h : S' —)■ be a continuous semi-algebraic, facewise smooth 
map; let '0 be a smooth (m — l)-form defined on an open neighborhood of h{S) in M^. Denote 
by i : (5S' S' the embedding of the boundary of S'. Then we have the identity (the Stokes 
formula): 


{i o . 


ss 


Proof. For 0 < t < p = l/(m -|- 1), let 


St = {(a:i, • • • ,Xm) E S\xi>t and < 1 - t} 


be the “t-excision” of S'. Let 

r = (ri(x, t), • • • , rm{x, t)) : S x [0, p) ^ S 

be the map given by rj(x, t) = (1 — (m -|- l)t)xj -1- 1. Then r is a continuous semi-algebraic map, 
the restriction rt = r\S x {t} is a semi-algebraic homeomorphism from S to St, and tq is the 
identity map. 
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For t > 0, the embedding St M"' is a smooth map, so h*ip is a smooth form on St, a 
manifold with corners. (This is where we use the assumption of facewise smoothness. So we 
only need that the map i be smooth on the interior of S.) By the Stokes formula for a smooth 
form on a manifold with corners, we have 




(*) 


Since Vt : SS ^ ^{St) is a diffeomorphism of manifolds, the left hand side of (*) equals 


'<55 


rlQiiY'ip. 


Consider the composition of the maps H : 6S x [0,p)— ^^6S —applying (2.8) we obtain 


/ rlQiiYY ^ / {hiYY- 

'(55 JSS 


As for the right hand side of (*), since St is increasing and USt = S, by Lebesgue’s monotone 
convergence theorem we have 

[ h*{dY)^ f,h*{dY) 

Jst Js 


as t ^ 0, and J » h*{dijj) = fg h*{dijj) since the complement of S has dimension < m. 


□ 
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§3. Integrals on allowable semi-algebraic sets 

We begin by introducing some notation. For integers 0 < p < n, let M” = x be 
Euclidean space with coordinates (ri, • • • , rp, Xp+i, • • • ,Xn)- The hrst p coordinates and the 
last n — p coordinates will play different roles. Let Hi = {r,j = 0} for 1 < i < p. A face is 
the intersection of some of the iL’s; thus a face is of the form Hi = Hi^jHi for a subset I of 
{1, • • • ,p}. We include M” as a face. A face Hj has induced coordinates, given by r^, i ^ I, 
and all of Xp+i, • • • , thus iL/ = x R"”^’ if k = p — \I\. Note that Hi n ■■■ D Hp is the 
smallest face, and its dimension is n — p. 

For m < n, by an m-form with logarithmic singularities (or just a logarithmic m-form) on 
R”, we mean a smooth m-form dehned on R” — (UiL*) which can be written 

E , , dvi, dv j, 

a/(r, x) - A • • • A - A dxi^^^ A ■ ■ ■ A dxi^ 

where the sum is over the sequences 1< *!<•••< 4 4+i < ■ ■ ■ im ^ n and ai{r, x) are 

smooth functions in (r, x) G R”. 

Let A be a closed semi-algebraic set of R” such that dim A = n and dim(A n (UiLj)) < n. 
For a logarithmic n-form cu on R"’, we have dehned in §1 the integral 



also written vol{A] u), which is a non-negative real number (possibly -|-oo). We will study when 
it is hnite (then we say that is absolutely convergent). 

The line of argument leading to the main theorem of this section, (3.12), is as follows. We 
shall hrst the notion of allowability and (almost) strict allowability. 

(1) We show Theorem (3.7), which states that an allowable semi-algebraic set can be made, 
by a succession of “permissible” blow-ups, almost strictly allowable. 

(2) Given an almost strictly allowable compact semi-algebraic set A in R” = R^ x R"'"^, one 
shows: after an appropriate linear change of variables in (xp+i, • • • ,Xn), the projection map 
pri : R"" —)■ R””^, (ri, • • • , rp, Xp+i, • • • , Xn) eG- (ri, • • • , rp, Xp+i, • • • , Xn-i), when restricted to 
A, has hnite hbers. See (3.8.1). 

(3) When this hniteness property for projection pvi holds for A, one can prove the absolute 
convergence of See (3.10) and the proof of (3.12.1). 

(4) Let A be an allowable compact semi-algebraic set in R^ x R””^’. Combining (l)-(3), it 
follows that the integral is absolutely convergent. This is Theorem (3.12). 

Let G C R" be a closed semi-algebraic subset. We denote by Czar the Zariski closure of C. 
The dimension of C is, by dehnition, the dimension of its Zariski closure: dimG = dim G^ar- 

(3.1) Definition. Let G be a closed semi-algebraic subset of R”. We say G is allowable with 
respect to a face F of R” if (G fl F)zar 4 ^ (equivalently if dim(G fl F) < dimF). 

We define G to be allowable in R” if it is allowable with respect to any proper face of R"". 

(3.2) Definition. Let G be a closed semi-algebraic subset of R”. We say G is strictly allowable 
with respect to a face F if (G fl F)zar does not contain any face. 
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The set C is defined to be almost strictly allowable (resp. strictly allowable) in M" if C is 
strictly allowable with respect to any proper face (resp. any face including F = R”). 

Note that if C is strictly allowable in R”^, then dimC < n. But a set C with dimC = n 
may be allowable or almost strictly allowable. 

(3.3) Basic properties. (1) It is clear that if C is strictly allowable with respect to a face F, 
then it is allowable with respect to F. 

Also, if C is strictly allowable in R”, then it is almost strictly allowable in R”; if C is almost 
strictly allowable in R"", then it is allowable in R”. 

(2) If C is strictly allowable with respect to F, and F' is a face contained in F, then C is 
also strictly allowable with respect to F' . (This follows from the inclusion {C fl F)zar H F' D 
(F n F')zar- ) Thus C is almost strictly allowable in R” if it is strictly allowable with respect 
to any codimension one face of R"’, and it is strictly allowable in R” if it is strictly allowable 
with respect to F = R”. 

An analogous statement for allowability is false: if C is allowable with respect to a face, it 
may not be allowable with respect to a smaller face. 

(3) From the definition, C is allowable (resp. strictly allowable) with respect to F if and 
only if F n F is allowable (resp. strictly allowable) with respect to F. 

Thus, if F is contained in a proper face F, F is strictly allowable in R"^ if and only if F is 
strictly allowable in F. Because of this we often do not mention the ambient space of F for 
the condition of strict allowability. (The corresponding statement does not hold if we replace 
strict allowability with allowability or almost strict allowability.) 

(4) If F' is a closed semi-algebraic subset of F C R"', allowability or (almost) strict allowa¬ 
bility for F obviously implies the same for F'. 

If F is the union of closed semi-algebraic subsets Fi and F 2 , then allowability or (almost) 
strict allowability for Fi and F 2 implies the same for F. 

(5) Assume F is an algebraic subset of R"'. We say that F meets the faces properly if for 
each face F, dim(F fl F) < dim F -|- dim F — n. If F meets the faces properly and if dim C < n, 
then F is strictly allowable. 

We will also need to consider semi-algebraic sets of blow-ups of R”, as well as the extended 
notion of allowability. Denote by S the Euclidean space R” as above. By a permissible blow-up 
of S we mean the blow-up of a face. Thus it is of the form /i = Biz. '■ S = R” —?■ R"", where 
S is a face of codimension > 2. On S we have the strict transforms H[ of Hi for 0 < i < p, 
and the exceptional divisor F, which form a normal crossing divisor. Thus on S again one has 
the notion of faces (note the minimal faces are of dimension n — p) and permissible blow-ups. 
Iterating this we have a succession of permissible blow-ups 

/i — /il/i2 ■ ■ "hv • h — OAf > ibjV_l —)■•••—)■ ibl ——^OQ — b 

where fik+i is the blow-up of a face Sfc of Sk-i- The S' is a real algebraic variety (in the sense of 
[BCR, Definition 3.2.11]). On S one has the notion of faces; the minimal faces are of dimension 
n — p. There is a coordinate chart containing each minimal face. 

Since ^ is a real algebraic variety, there is the notion of semi-algebraic sets of S (see [BCR, 
p. 64]); note that a set is semi-algebraic if and only if its intersection with each chart is 
semi-algebraic. For a closed semi-algebraic set C G S, one can define the notion of (strict) 
allowability with respect to a face and (strict or almost strict) allowability in S in the same 
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manner as for R”'. The basic properties above hold true without any change. We add another 
property to the list: 

(6) A set C of S' is allowable (resp. strictly allowable, resp. almost strictly allowable) if 
and only if for each chart f/, C fl is allowable (resp. strictly allowable, resp. almost strictly 
allowable) in U. 

Indeed, for a face F, C H F is the union U(C fl t/ H F) for the charts U of S, thus 

dim(C n F) = sup dim(C DU O F). 

Hence follows the assertion for allowability. 

To show the assertion for strict allowability, note that 

{Cnun F)zar = {Cn F)zar H u , 

where Zar on the left means the Zariski closure in U. It follows that if {C fl F)zar contains a 
face S, then for a chart U such that t/flS is non-empty, (Cnl7 P\F)zar contains the face t/flS. 
Conversely, if (C fl f/ fl F)zar contains a face of the form f/ fl S, then (C fl F)zar D 17 n S, and 
taking the Zariski closure in F gives (C fl F)zar D S. 

(3.4) Lemma. Let jj, : R"' R”' he a succession of permissible blow-ups. Let G be a face of 

R" and let F = p.{G). 

(1) For a closed semi-algebraic set G C R”, if (/i“^(C) fl G)zar contains a face S, then 
{G n F)zar /x(E). 

(2) If G is strictly allowable with respect to F, then pi~^{G) is strictly allowable with respect 
to G. 

(3) If G is strictly allowable (resp. almost strictly allowable) in R"", then /i“^(C) is strictly 
allowable (resp. almost strictly allowable) in R". 

Proof. One has an obvious inclusion 

(/i-l(C) n G)zar C /i-l((C n F)zar) O G . 

If (/i“^(G) n G)zar contains a face S, it follows that /i“^((G 0 F)zar) L) S, hence {G 0 F)zar 
contains the face //(S). 

The assertions (2) and (3) follow from (1). □ 

Let k be an inhnite held and S = Spec k[xi, ■ ■ ■ , a:„] be affine n-space over k. Let 0 < p < n 
be a given integer. For i = 1, ■■■ ,p let Hi = {xi = 0} be a coordinate hyperplane. As in the 
real case we have the notion of faces and permissible blow-ups. The following result is due to 
[Bl] (in case p = n). 

(3.5) Theorem [Bloch]. Let V <Z S be a closed subvariety, not contained in any Hi for i = 
1, • • • ,p. Then there is a permissible blow-up p. : S ^ S such that the strict transform of V in 
S meets the faces properly. 
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Proof. We indicate how to modify the proof of Theorem (2.1.2) in [Bl] (which is the case p = n). 

If p ; ^ S' is a succession of permissible blow-ups, one has distinguished prime divisors 
on S that form a normal crossing divisor, and minimal faces are of dimension n — p. Let S 5 be 
the full subcategory of S'-schemes whose objects are permissible blow-ups p : T ^ S. For each 
T in “Bs we have the set of minimal faces V(T) , and dehne V to be the inverse limit of V(T) 
as T varies over Bs, 

V = ^ V(T). 

TgBs 

One has projection pr-r : V 'V(T). With this one has: 

(3.5.1) Lemma. For any v E V, there is an object p : T —)■ S' in Bs such that pr-riv) (fi V, 
where V is the strict transform ofV inT. 

The proof is parallel to that for Lemma (2.1.2.1) in [Bl] except we modify the argument as 
follows. 

Let V he a. prime divisor given by f{xi, ■ ■ ■ ,Xn) = 0. We can view f as a polynomial in 
Xi, • • • , Xp with coefficients polynomials in k[xp^i, ■ ■ ■ , fc„]. Then consider the set 

M = {(ri, • • • , Tp) G Z>Q I the coefficient of x'’ of / is non-zero. }. 


Let 


A C M>o convex hull of lJreM(^ + ®>o) • 


By the same argument as in loc. cit., one shows that there is an object /i : T —)■ S' such that 
the strict transform of V has equation /' having a non-zero constant term c(xp+i, • • • ,Xn); in 
other words V meets the faces properly. □ 


A closed semi-algebraic set of M” = x (or of a permissible blow-up of M”), which is 
of dimension < n and almost strictly allowable, can be made strictly allowable by a succession 
of permissible blow-ups: 


(3.6) Proposition. Let S' ^ ML = ML x be a succession of permissible blow-ups, and 

B be a closed semi-algebraic subset of S' with dimi? < n, which is almost strictly allowable in 
S'. Then there is a succession of permissible blow-ups p : S' ^ S' such that p~^{B) is strictly 
allowable. 


Proof. Step 1. We hrst consider the case S' = M^ x If B is contained in an Hi, then 

B is strictly allowable by assumption, so the assertion trivially holds (with p = id). Thus we 
assume B (fi Hi for each i. 

Let V = Bzar, which is an algebraic subset Hi, and apply (3.5)(with k = M). There is a 
succession of permissible blow-ups 

p = pip2 ■ ■ ■ pN ■ = B.]\f ->'1R7v —1 —t • ■ ■ —y IRi-^ 11^0 ~ 

where Pk+i is the blow-up of a face such that the strict transform V of V meets the faces 
properly; thus V is strictly allowable in M” by (3.3), (5). 

Let B' is the closure in the Euclidean topology of p~^{B fl U), where f/ C M"' is the largest 
open set over which p is an isomorphism. Since B' C V, B' is also strictly allowable. 
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One has clearly 


(3.6.a) 


E 

where E varies over the exceptional divisors of /i. We claim that each 0 -E is strictly 

allowable. Indeed if G is a face of E, then /r(G) is a proper face of M”, thus B is strictly 
allowable with respect to by (2) of (3.4) it follows that n E is strictly allowable 

with respect to G. 

Since each subset in the union (3.6.a) is strictly allowable, fi~^{B) is also strictly allowable 
in M". 

Step 2. We consider the general case. To each minimal face c of S' there corresponds a 
chart Uc = MPx By Step 1, there is a succession of permissible blow-ups Pc'-Uc ^ such 

that n Uc) is strictly allowable in Uc. Let fic ■ S'^ ^ S' be the succession of permissible 

blow-ups obtained by blowing up the closures of the centers of the blow-ups in Uc —)■ Uc] thus 
one has p^c^iUc) = Uc- 

We take a succession of blow-ups : S' ^ S' that dominates all fic (see [Bl, Corollary 
(1.2.2)]). Then /i factors as S '——)■ S', so we have a commutative diagram 

S', S' 

U U U 

t^-\Uc) ^ Uc ^ Uc . 

Since /i“^(i?nf/c) is strictly allowable in Uc, by (3) of (3.4), /i“^(i?)n/i“^(f/c) is strictly allowable 
in fi~^{Uc). Thus by (6) of (3.3), p~^{B) is strictly allowable in any chart of fi~^{Uc). This 
being the case for all c, fi~^{B) is strictly allowable in any chart of S'] by the “if’ part of (6) 
of (3.3), p~^{B) is strictly allowable in S'. □ 

(3.7) Theorem. Let A he a closed semi-algebraic subset ofMLxML~^ which is allowable. Then 
there is a succession of permissible blow-ups jj. : M"' —?■ M"" such that is almost strictly 

allowable. 

Proof. We give a slightly generalized statement. Let S" —)■ S' = M" be an object of tBs (the 
notation as introduced in the proof of (3.5)) and A C S" be a closed allowable semi-algebraic 
subset. For an integer d with 0 < d < n — 1, consider the following claim. 

(Claim)^: For any such S' and A, there is a succession of permissible blow-ups fi : S' ^ S' 
such that the inverse image p.~^{A) is strictly allowable with respect to each face G of S' with 
dimension < d. 

For S' = S = W and d = n — 1, this is the statement of the theorem. If d < n — p, the 
dimension of the minimal faces, then (Claim)^ obviously holds with p = id, since allowability 
and strict allowability are equivalent with respect to a minimal face. We will show (Claim)^ by 
ascending induction on d. 

Assume (Claim)rf_i holds, so there is a succession of permissible blow-ups p : S' ^ S' 
satisfying (Claim)d_i. Rewriting S' for S', and A for p“^(A), one may assume that 

(3.7.a) A is strictly allowable with respect to each face of dimension < d — 1. 

Assume that A is not strictly allowable with respect to a face E of dimension d. The set 
A n E in E satishes the assumption for Proposition (3.6). Indeed dim(A n F) < dimF by 
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allowability and A fl F is strictly allowable with respect to each face F' C F by (3.7.a). It 
follows that there is a succession of blow-ups 

Up : F ^ F 

with centers in F (or in its strict transform) such that i'p^{Ar] F) is strictly allowable. Let 

u: S' ^ S' 


be the succession of blow-ups of S' with the same centers as for up. The restriction of u to 
F coincides with up, so u~^{A) fl F is strictly allowable; thus v~^{A) is strictly allowable with 
respect to F. 

If G is a face of S' of dimension d such that dimz/(G) = d and A is strict allowable with 
respect to then by (2) of (3.4), i'~^{A) is strictly allowable with respect to G. Also, 

z/“^(A) is strictly allowable with respect to each face G such that dimi/(G) < d, by assumption 
(3.7.a) and (3.4). 

Let n(S"; A) denote the number of faces F of dimension d such that A is not strictly allowable 
with respect to F. Then the above argument shows 


n(^>-^(A)) < n(^';A). 


Iterating this process, we hnd a succession of blow-ups fi : S' ^ S' with n{S'-,fi ^(A)) = 0, 
thus fi~^{A) is strictly allowable with respect to all faces of dimension < d. □ 


Let A be a closed semi-algebraic subset of x M"' ^ with p < n. For a point (cp+i, • • • , c„_i) 
of consider the linear change of variables 


(LG) 


Xi^x'i + Cix'^ {i =p+ !,■■■ Xn'-^x'^. 


L) ■ ■ ■ ) ^n)' 


^p+l’ 

be the projection to the 


Then A is viewed a subset of x 'MA~p with variables (ri, • • • 

Rewriting (xp+i, • • • , x„) for {x'p^^, • • • , xj,), let pri : M”' 
hrst n — 1 coordinates (pi, • • • , r^, Xp+i, • • • , x„_i), let pr 2 : —)■ be the projection to the 

hrst p coordinates (ri, • • • , r^), and let pr = pr 2 pri : R” —)■ R^ be the composition. 

For A strictly allowable, we have the following hniteness result for the map pri restricted to 
A. (For p = 0 and A an algebraic set, this is a well-known proposition in algebraic geometry.) 


(3.8) Proposition. Let A be a strictly allowable compact semi-algebraic subset ofMP x 
p < n. Then there exists an open neighborhood V of the origin in R^ and a non-empty Zariski 
open set W ofW^~^~^ satisfying the following property: 

For any point (cp+i, • • • ,c„_i) ofW, perform the change of variables indicated above. Let 
prf^iy) C R”“^ and Ay = Ap[pr~^{y) C R”, so that one has a commutative diagram 


Av 

pri 


M- 


pr^ 

pr2 


(V) ^ 


1/ 




pn 

pri 

n—1 


pr2 

RP. 


Then the fibers of the induced map pri : Ay pvi ^(R) are finite sets. 
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Proof. Note first that the assertion is obvious if A fl iJi fl ■ • • fl Hp is empty. For then the image 
of A by the projection pr to does not contain the origin; taking a neighborhood V of the 
origin disjoint from the image of A, the assertion obviously holds. 

Thus we will assume AnHiH- ■ -nHp is non-empty. By the strict allowability, Azar does not 
contain the face HiH - ■ -nHp. Since Azar is the intersection of the zero locus of the polynomials 
/(ri, • • • ,rp,Xp+i, • • • ,Xn) that vanish on A, there exists a polynomial / such that A C Z{f) 
and /(O, • • • ,0, Xp+i, • • • , Xn) is not zero as a polynomial in (xp+i, • • • , Xn)- 
Write 

/(ri, • • • ,rp,Xp+i, ■■■ ,Xn) = ■ ■ ■ ,rp)x'^ 

m 

where m = {nip+i, ■ ■ ■ , rUn) varies over multi-indices, am(ri, • • • , Vp) are polynomials, and x™' = 
■ ■ 'a:™"- Let fj{r,x) = J2\m\=j ■ ■ ■ ,rp)x^, the homogeneous of degree j part with 

respect to x. One has f{r,x) = Note that a linear change of coordinates (LC) is 

compatible with the decomposition f = fj also with the substitution ri = ■ • • = = 0. 

Since /(O, • • • ,0, Xp+i, • • • , x„) is not zero as a polynomial and vanishes on a non-empty set, 
its homogeneous degree d with respect to x is positive. (Note d may well be strictly smaller than 
the homogeneous degree of f{r,x) with respect to (xp+i, • • • ,x„).) There is thus a non-empty 
Zariski open set W of such that for any (cp+i, • • • , c„_i) G W, the corresponding change 

of variables (LC) renders the coefficient of in 


fd(0, ■ ■ ■ ,0,3Jp_|_i T Cp-|_ix^, ■ ■ ■ , ^p-(-i T Cp-|_ix^, ■ ■ ■ , 
non-zero. We will rewrite Xi for x', and /(ri, • • • , rp, Xp+i, • • • , Xn) for 


/(n,-- - Ap, Xp_^_i + Cp+ix(j, • • • , Xp_^_i + Cp+ix(j, • • • , 


For a point Tq = 




Tp,a:°+i,-- - of M" \ let 


f{To,Xn) = /(r?. 


.^0 ^0 
1' pi '^p+ii 


.Xr. 


be the polynomial in Xn obtained by substituting the values of the coordinates of T for the 
hrst (n — 1) variables. If Tq = (0, • • • , 0, Xp_,_^, • • • , is any point of with the hrst r 
coordinates zero. 


/(T, Xn) = /(O, • • • , 0, xj+i, • • • , X„) = /d(0, • • • , 0, Xp+i, • • • , xl_^,Xn) 

is a non-zero polynomial of degree d. There is thus an open neighborhood U{Tq) of Tq in 
such that for each point T G U(Tq), f(T,Xn) is a non-zero polynomial in Xn of degree > d. 

Now for each point Tq G pri{A)nprf^ ({0}), take its neighborhood U (Tq) as above. Since the 
set pri{A) npr^^({0}) is compact, one can cover it by a hnite number of such neighborhoods; 
let U be the union of them. Then U is an open set of containing pri[A) npr^^({0}), such 
that for each T E U, f{T,Xn) is a non-zero polynomial in Xn- 

The set pri{A) — U is compact and its image pr 2 {pri{A) — U) is a. closed set not containing 
the point 0. So 

V := — pr2{pri(A) — U) 

is an open neighborhood of 0, and 


pr 2 ^ (IZ) n pri (A) C 17 n pri (A) . 

Thus for T G prf^{V) npri{A), f{T,Xn) is a non-zero polynomial in so the intersection 
Z{f) nprf^{T) is hnite. □ 
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(3.8.1) Corollary. Let A be an almost strictly allowable compact semi-algebraic subset of 
ML X Then there exist an open neighborhood V of the origin in M^ and a non-empty 

Zariski open set W satisfying the following property: 


For any point (cp+i, • • • ,Cn-i) 0 /W, perform the corresponding change of variables. Let 
prf^{V) C and, for each i = 1,- ■ -p, (An Hi)v = (A n Hi) npr~^{V) C M"", so that one 
has a commutative diagram 


{Ar\Hi)y ^ 

pri 

pr^iV) ^ 

pr2 


pn 

pri 

n—1 

pr2 


V ^ RP. 


Then the fibers of the induced map pri : (A n Hi)v -P pr 2 ^(C) are finite sets. 


Proof. For each i, An Hi is strictly allowable in Hi. We apply the proposition to A n ifj, so 
there exist sets V) and Wj with which the conclusion holds for Ad Hi. We have only to take 
1/ = nVi and W = nWi. □ 

We recall here the notion of slicing from [BCR, section 2.3]. Let X = {Xi, ■ ■ ■ , and 
let Y be another variable. Given a set of polynomials fi{X, ¥),■■■ , fs{X, Y) in {X, Y), [BCR, 
Theorem 2.3.1] asserts that there exists a partition of M"' into a hnite number of semi-algebraic 
sets Ai, • • • , Am and, for each i = 1, • • • , m, there is a hnite number of continuous semi-algebraic 
functions on A*, < • • • < such that: 

(i) For each x G A,, the set 

coincides with the set of roots of those polynomials fi{x,Y), ■ ■ ■ ,fs{x,Y) that are not zero 
polynomials. 

(ii) For each x & Ai, the signs oi fk{x,y), k = 1, ■ ■ ■ , s, depend only on the signs of y — fij{s), 
J = Ji- 

More precisely, this means the following. For each i and j = 1, • • • ,ii, let 

= {(a^, 2 /) e I X e Ai and y = 

be the graph of fij and, for j = 0, • • • , 

= {(^> 2 /) ^ e Ai and ^ij(x) < 2 /< ^ij+i(x)} 

(by convention, .^i^o = —cxo and = +cxo). Then the sign of fk{x,y) is constant on each 

and {fij,fijyi). (Here, the sign of a real number a is dehned by sign(a) = -l-,0,— 
according asa>0, = 0or<0, respectively. ) 

The partition together with a set of functions, {Ai;fij), is called a slicing of the set of 
functions /i, • • • , fs with respect to the variable Y. 

Now assume given a closed semi-algebraic set A of M” = x M'^~p with p < n. For 

simplicity, write r = (ri,-- - ,rp) and x' = (xp+i, • • • ,x„_i). Let (Ai;^ij) be a slicing, with 
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respect to Xn, of a set of functions defining A. Then A is the union of some of the graphs of 
the functions and some of the sets of the form 

6j+i] := x', Xn) e I (r, x') G A*, x') < Xn < 6j+i(r, x')} . 

(If j = 0 interpret the condition as —oo < < ^i^i{r,x'), and similarly for j = £j.) 

Let A be a closed semi-algebraic subset of x with p < n. We say that A satishes 

Condition (F) if the following holds: 

(F) For a small po > 0, let Vq = {(^i) • • • )'’^p) \ ki| < Po} be an open neighborhood of the 
origin in MP. Then for each i = 1, ■ ■ ■ ,p, the restriction of the projection pri, 

pri : {A n Hi)va pr2\yo) 


(see the paragraph preceding (3.8) for notation) has hnite hbers. 

(3.9) Proposition. Let A be a (not necessarily closed) semi-algebraic subset of MP x MP~p 
with p < n, satisfying the two conditions: 

(i) The closure A of A is compact satisfies Condition (F). 

(a) There are a semi-algebraic set B ofMP~^ = x and continuous semi-algebraic 

functions f, f defined on B, such that at each point of B and 

^ = {(r,x',Xn) e M”| (r,x') E B, ^(r,x') < Xn < f,'{r,x')} . 


We then have: 

(1) For any point P E B (1 {Hi U ■ ■ • U Hp) fl prf^{Vo), one has 


lim {P 

Q^P 


0(Q) = o 


where the left hand side means the limit as Q E B tends to P. 

(2) For p with 0 < p < po, let V = {|rj| < p} be a smaller neighborhood of the origin. For 
each i = 1, • • • and for any e > 0, there is 6 with 0 < 5 < po such that 

QEBnprf^{V) and 0 < \ri{Q)\ < 6 {f - p){Q) < e. 


Proof. (1) Step 1. We show that, for any continuous semi-algebraic function / : [0,1] —?■ M"' ^ 
such that /(O) = P and /((0,1]) C B, we have 

f ° fiP ~ ° fiP ^ 0 (t —)■ 0). 

For the proof, hrst note that the compactness of A implies that the functions f and p are 
bounded. So the compositions ■= fo f and ■= P ° f are bounded semi-algebraic functions 
on (0,1]. By restricting to an interval (0,(5] for (5 > 0 small, and then rescaling t, one may 
assume that and are continuous on (0,1]. By [BCR, Proposition 2.5.3], these functions 
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extend to continuous semi-algebraic functions on [0,1], which we still denote by the same 
and The set 

:= 0 < t < 1, Ut) <Xn< 

is the closure of the set 

{{fit),Xn)\0 < t < 1, ^l{t) <Xn< 

and the latter is a subset of A] thus is contained in A. Since the hber of P of the 

projection from to is the interval [^i(O), ^j(O)], and since A satishes (F), one must 

have ^i(O) = ^j(O). 

Step 2. We show the assertion of (1). If it were false, there exists e > 0 such that the 
semi-algebraic set 

i?, = {Qeil|(e'-0(Q)>e} 

contains in its closure the point P. By the curve selection lemma ([BCR, Theorem 2.5.5]) there 
is a continuous semi-algebraic map / : [0,1] —)■ such that /(O) = P and /( (0,1]) C B^. 
One then has o f{t) — C ° f{t) ^ ^ for any f > 0. This contradicts the assertion proven in 
Step 1. 

(2) Assume that the assertion was false. There is e > 0 and a sequence of points Qn G 
B npr^^(R) with ri{Qn) —t 0 and (^' — ^){Q) > e. By compactness of B, there is a convergent 
subsequence Qn', which converges to a point P E B. Then one necessarily has P E B n 
W 2 ^iyo) O {vi = 0}. But by (1), there is 5 > 0 such that for any Q E B with \Q — P\ < 6, one 
has — 0(Q) < This is a contradiction. □ 

Let A be a semi-algebraic subset of MP x with p < n such that A is compact. Dehne 
a function on (ri, • • • , rp) E by 

n(ri, • • • ,rp) = n(A|x„; (ri, • • • ,rp)) = sup vol{Ar]pr^^(T)-,dxn) 

T^{ri,-,rp) 

where T G varies over the points mapping to (ri, • • • , rp) by the projection pr 2 : —)■ 

W, and pri : R"" —)■ R"'“^ is the hrst projection. Since A is compact, v{A\xn] (r"!, • • • , Tp)) takes 
hnite values, so n is a bounded semi-algebraic function in (ri, • • • , Vp). We will give an estimate 
for this function, assuming Condition (F) on A. 

(3.10) Proposition. Let A be a semi-algebraic subset ofMP x R”'“^ with p < n, such that A 
is compact and satisfies Condition (F). Then there exist 0 < p < Min{po, 1) and C, a > 0 such 
that for any (ri, • • • , r^) with 0 < |rj| < p, one has 


v{A\xn; (ri, ■■■ ,rp)) < C|ri|"|r2|" 


Proof. Taking a slicing (Ap^ij) of A, we can assume that A is either the graph of a 

function or a set of the form [^jj, ^ij+i] for 1 < j < —1. In the former case, n(ri, • • • , r^) = 

0, so the assertion is obvious. We will thus assume A is of the latter form. 

Consider the function on |ri| < p dehned by 

ni(ri) = sup n(ri,r 2 , • • • ,rp), 
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where (r 2 , • • • ,rp) varies over points with |rj| < p. This function is semi-algebraic and bounded. 
If p is taken small enough with 0 < p < Min{po, 1), the function ni(ri) is continuous and semi- 
algebraic on 0 < |ri| < p. Similarly the function nj(rj), i = !,■■■ ,p, is dehned taking the 
supremum of the values of v with Uj hxed, and it is continuous semi-algebraic on 0 < |rj| < p. 

We claim that hmri^.oni(ri) = 0. Indeed by (2) of (3.9), for any e > 0, there exists 
5 > 0 such that for any Q G with \ri{Q)\ < p and 0 < |ri((5)| < 5, one has vol{A n 
pr]^^{Q)]dxn) < e. Thus if 0 < |ri| < then ni(ri) < e. 

Setting ni(0) = 0, the function ni(ri) is continuous and semi-algebraic on |ri| < p. Applying 
Lojasiewicz’s inequality ([BCR, Corollary 2.6.7]), there exist positive numbers C, a such that 

wi(n) < C|ri|" 


for |ri| < p. By the same reasoning, one obtains inequalities (with the same C, a, by taking 
C larger and a smaller if necessary) nj(rj) < C\ri\°' for 0 < |rj| < p, for each i = 1, • • • ,p. 
Combined with the evident inequalities n(ri, • • • ,rp) < nj(rj), one obtains 

n(ri,-- - ,rp) < ivi{ri) ■ ■ ■Vp{rp))^^P < . 

□ 


Before stating the next proposition, we introduce some notation. Let p : M” —)■ M"" be a 
succession of permissible blow-ups. A face of M"" = M'' x is of the form (face of x MP) x 
similarly on a permissible blow-up of M”. Thus one has a succession of permissible blow-ups 
p : W ^ MP such that M" = x and p is the product of p and the identity map on 
Note that in or its blow-up, minimal faces are points, which we may call vertices. 

Letting p' = p x 1 : := x —)■ M?* x we obtain the following 

commutative diagram 

R” 


pn 


pn 


R”-i 




pr2 

RP 


pr2 

RP 


where pri, pr 2 on the left are the projection maps as introduced before, and the maps pri, pr 2 
on the right are similarly dehned projection maps. Also let pr = pr 2 pri : R” —)■ R^. 


(3.11) Proposition. Let A he an allowable compact semi-algebraic subset ofRP x R"""^ with 
p < n. Then there exist a succession of permissible blow-ups p : R” —)■ R” and a point 
(cp+i,--- ,Cn-i) G such that, after the corresponding change of variables, one has the 

following property: 

There is an open set V ofRP containing all the vertices such that, for each i = 1, - ■ ■ ,p, the 
induced map 

pri : (p"^(A) n Hi)v prf^iV) 

has finite fibers. 

Proof. By Theorem (3.7) one can take a succession of permissible blow-ups p : R"" —?■ R” such 
that p“^(A) is almost strictly allowable. Then apply Corollary (3.9.1) to each chart of R"" 
(which corresponds to a vertex of R^). The intersection of the open sets W for the vertices is 
non-empty, so there exists (cp+i, • • • , c„_i) as asserted. □ 









(3.12) Theorem. Let A be a compact semi-algebraic subset of ML x M” ^ (with 0 < p < n) 
which is allowable, and let u be a logarithmic n-form. Then the integral 



absolutely converges. 

By compactness of A, it is enough to show the following local version of the theorem: 


(3.12.1) Theorem (Under the same assumption as for (3.12) .) For any point P of A, there 
exists a neighborhood W of P in M” such that the integral 



is absolutely convergent. 

Proof. We prove this by induction on the cardinality p of the set {i \ ri{P) = 0}. If it is zero, 
the form is smooth in an neighborhood of P, so the assertion is obvious. If p is positive, by 
translation in the x-coordinates we may assume that P is the origin in x Note that 

p < n by allowability. 

Take a succession of permissible blow-ups p as in Proposition (3.11). With this, we claim: 

(3.12.2) Claim. The integral absolutely convergent in a neighborhood of each 

point Q of fi~^{A). 

Indeed, if Q does not lie over a vertex, the number of codimension one faces of M"" containing 
Q is less than p, so by induction hypothesis for (3.12.1) we have absolute convergence. Assuming 
that Q lies over a vertex of let {r[, - ■ ■ , r'p) be the coordinates for the chart at pr{Q). After 
a change of coordinates, (3.10) is satished on 1/ = {|r'| < p}. Let W = pr~^{V), and rewrite 
(ri, • • • , Tp) for (r(, • • • , r'p). We may assume that to = dri/ri A • • • A dvp/rp A dxp+i A • • • A dxn 
on W. By compactness A is contained in the set {a < Xi < b\i = p 1, ■ ■ ■ , n — 1}, for some 
a < b; we set M = [b — a)"'“^“L Applying Fubini’s theorem to p“^(A) n kF C M" = x M, 
then to lA X [a, C and taking (3.10) into account, one has 



Vx[a,6]"-P-i 




since 


0<r<p 


r“— < -fcxo. 

r 
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We have only to show that (3.12.2) implies (3.12.1) for A at P = 0. For each Q of 
take a neighborhood Wq such that fl Wq,^*u)) is absolutely convergent. Since 

fi~^{A) is compact, there is a hnite number of them, that covers fi~^{A). Then 

vol{A, oj) = vol{n~^{A), n*uj) < vol{n~^{A) n Wq^, n*u) < +oo. 


□ 

In the rest of this section, we take a monomial u = ^ 1, and for A an allowable 

semi-algebraic subset of x consider the set AA{u = t}, where t G M — {0} with 

|t| small. Since u is not a constant function, this is of dimension < n — 1. For a logarithmic 
(n — l)-form w, we will study the asymptotic behavior of the integral of uj over An {u = t}. 

(3.13) Proposition. Let A he a semi-algebraic set o/M” such that its closure A is compact 
and satisfies Condition (F), and assume p > 0 is chosen so that the statement of (3.10) holds. 
Then for any logarithmic [n — l)-form u, and any monomial u = • • -rff^ ^ 1, there exist 

C, a' > 0 such that 

vol[ {AnWpC {u = t}); cj) < C' \t\^'. 

(We set Wp := {0 < \ri\ < p (i = 1, • • ■ ,p)} cWx W^~p.) 

Proof. For the proof we consider a variant of the function n(y4|x„; (ri, • • • ,rp)) introduced 
before (3.10). Let pri : M” —)■ be the projection as before, and pr^ : be the 

projection to the coordinates (r 2 , • • • ,rp). For an algebraic set B C R", we set 

n(P |a:„; (r 2 , • • • ,rp)) = sup vol{B n prf^(T) ;dxn) 

Th^{r2,---,rp) 

where T G R”“^ varies over the points mapping to (r 2 , • • • ,rp) by the projection pr^. If 
B = An Wp n {m = t} we have: 

(3.13.1) Lemma. Under the same assumption as for (3.13), there exist C, a' > 0 such that 
v[{AnWpn{u = t}) \xn, (r'2,-- - Wp)) < C'|t|"V2r'• • • 
for (r 2 , • • • , Up) with 0 < \ri\ < p, 2 < i < p, and t G R — {0} with |t| small. 

Proof. Note that the set 

AnWpDiu = t}nprf^{T) 

equals A D prf^{T) if pr 2 {T) = (ri, • • • ,rp) satishes u = t and 0 < |rj| < p; otherwise it is 
empty (recall that pr 2 : R”“^ —?■ Rp is projection by (ri, • • • ,rp)). Therefore 

v{AnWpn{u = t}\xn;ir2r-- Wp)) 

= supn(A|a;n; (ri, • • • , Up)) (supremum taken over ri such that u = t and 0 < |ri| < p) 

ri 

< supC|ri|“|r 2 r---|rp|". (by (3.10)) 

ri 

It is thus enough to show that there exists a' > 0 such that 
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Since the right hand side equals |7-j^|"n"'|7-2|(™'2+i)a'... y^\{mp+i)a' ^ suffices to take 

a' > 0 small enough so that 

mia < a, (m2 + l)a < a, • • • , {rrip + l)a' < a . 


□ 

We return to the proof of (3.13). On {u = t}, there is a relation = 0, hence 

dri/ri A • • • A dTp/vp = 0. So the restriction of the form u can be written 

, dri drj_i drj+i dm 

uj\su=t\ = / Oi-A • • • A-A-A • • • A —- A dxp+i A • • • A dxn 

^ f"! ri_i ri+i Tp 

with some polynomial functions a* on {u = t}. Thus it is enough to prove the assertion 
for the case u = ^ A • • • A ^ A dxp^i A • • • A dxp- Assume that A is contained in the set 
{a < Xi < b\i = p + 1, ■ ■ ■ ,77,-1} and set M = [b — Then one has 

r 1 <^^2 dvp , , , 

vol{A n ITp n {m = t}] - A • • • A —- A dxp+i A • • • A dXn) 

'f'2 fp 

< M [ C'|t|“'|r2r' • • • Kr'p; A ■■■Apr 

■ho<\n\<p} T 2 I \rp\ 

= C"|t|“'. 

□ 

(3.14) Theorem. Let A be a compact semi-algebraic subset of ML x M"‘~p (with 0 < p < n) 
which is allowable. Letu = • • ■r^’" 1 be a monomial, and oj be a logarithmic (?7 —l)-/or??7. 

Then there exist O, a > 0 such that one has, for f G M with |t| 7 ^ 0 small, 

vol{A n {m = t}-,uj) < C |t|" . 


As for (3.12), we can reduce it to a local statement: 

(3.14.1) Theorem. (Under the same assumption.) For any point P of A, there exists an open 
neighborhood W of P in M” such that for some O, a > 0, one has an ineguality 

vol{A nW n {m = t}]uj) < C'ltl" . 


Proof. The proof proceeds by induction on p = jj{ 7 | ri{P) = 0}. If p = 0, the set AA{u = t) 
does not contain P, so the assertion obviously holds. One may thus assume that P is the origin 
in RP X M^~P with p > 1; we have p < 77 by allowability. 

Take a succession of permissible blow-ups p as in (3.11). 

(3.14.2) Claim. For any point Q of fi~^{A), there exist an open neighborhood Wq of Q 
and C,a > such that 

vol{A n Wq n {m = t}; /u*uj) < C|t|" . 
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Indeed, if Q does not lie over a vertex, the assertion holds by induction hypothesis for 
(3.14.1). If Q lies over a vertex of MP, let {r[, ■ ■ ■ , rp be the coordinates for the chart at pr{Q). 
After a change of coordinates, (3.13) is satished on 1/ = {|r'| < p]. Then the assertion follows 
from (3.13). 

Finally, we derive (3.14.1) from (3.14.2) as in the proof of (3.12). □ 

For reference in Part II, we record a special case. 

(3.14.3) Corollary. In particular, taking u = ri, we have 

dv 

vol{A n {ri = t}; -A • • • A —- A dxp+i A • • • A dxn) < C |t|“ . 

^2 f'p 
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§4. Integrals on admissible semi-algebraic sets 

Let C"' be affine n-space over C, with coordinates ( 2 : 1 , •• • ,Zn). Let Elj = {zi = 0}, i = 
1, • • • ,n, be the coordinate hyperplanes. An intersection of coordinate hyperplanes will be 
called a face; it is of the form H/ = fljgj-IHIj for a subset I of {1, • • • ,n}. The union of the 

divisors = 1} for i = 1, • • • ,n will be denoted by D. 

Let (P^)"" be the n-fold product of projective line P^, with (zi, ■ ■ ■ , Zn) affine coordinates. 
For i = 1, ■ ■ ■ , n and a E {0, 00 }, let Elf = {zi = a} be a prime divisor; by dehnition a face of 
(pi)n jg intersection of some of these divisors. Let JD be the union of the divisors {zi = 1}, 
and = (P^)" — D he the complement of D. 

There are canonical isomorphisms P^ —{0} = C, (1 : z) -H- z, and P^ —{ 00 } = C, (z : 1) -H- z. 
Thus given a sequence (ai, ■ ■ ■ , «„) with G {0, cxo}, there is an isomorphism ~ — 

C"’; we refer to these as the charts of (P^)"’. On each chart, the normal crossing divisor 

restricts to the divisor X]®!-*) ^^e divisor D restricts to D. 

(4.1) Definition. Let m be an integer with n < m < 2n. A closed semi-algebraic set A of C"' 
is said to be m-admissible (with respect to {Elj}) if for any set El/ one has 

dim(A n H/ n (C^ - D)) < m - 2| J|. 


(In particular, dim A < m). 

Similarly, a closed semi-algebraic set A of (P^)" is said to be m-admissible (with respect to 
{Elf}) if for any face F one has 

dim(A n F n □") < m — 2 codime(F) 


If A is an m-admissible closed semi-algebraic set of C” (resp. (P^)”), then any closed semi- 
algebraic subset of A is also m-admissible. If A is an m-admissible closed semi-algebraic set of 
C", then A n Elj is (m — 2)-admissible in Elj = If A is m-admissible in (P^)", then for 

each chart = C"', A n is m-admissible in C”'. 

(4.2) Change of variables via the polar coordinates. We will take an m-admissible 
compact semi-algebraic set A of C”' (or (P^)") and a logarithmic {n,m — ?7,)-form uj on C”, and 
study the integral First assume A is a subset of C”. 

We will introduce a change of variables as follows. In case n = 1, let 

Si = {z = re®^ I 0 < r < + 00 , {i — 2 ) 11 /A < 9 < in/A } , 

for z = 1, 2, 3,4, be sectors which cover the complex plane. For simplicity we put C+ = Si. 

On the sector Si = C+, let 

r = \z\, T = y/x for z = xiy ■ 

Note that if (r, 9) are the polar coordinates for z, then r = tan 9. The map vr : I^>0 1] —C 

which sends (r, r) to x -|- iy with 

r rr 

X = , , y = , 

+ 1 \/r2 -|- 1 
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induces a continuous semi-algebraic map 


TT : M>o X [—1,1] C_|_, 


which is proper surjective and isomorphic outside the origin of the sector. Note that the map 
by the polar coordinates (r, 9) (x, y) is not semi-algebraic, but by using r in place of 9 we 

obtain the semi-algebraic map vr. 

On C+ — {0}, we have identities 

dz dr . dr 

— =-1” * 2 I 1 

z r + 1 


and 


dz 

— f\dz 
z 


- 2 (r - 1 - i) 
(r2 + 1)3/2 


dr A dr. 


For S 2 , take r = —x/y and consider the map vr : M>o x [—1,1] -A S 2 that sends (r, r) to 
—rr/\/r^~TT - 1 - ir/\/r^~TT. Then the same formula for dz/z Adz holds up to a factor of —i. 
Similarly for S '3 and 5 * 4 , with appropriate choices of r and vr. 

In case n > 2, C” is covered by the products of sectors 


Sa\ X • • • X 

for sequences (ai, • • • , a„) taking values in {1, 2, 3,4}. For each such product of sectors, there 
is a continuous, proper surjective semi-algebraic map 

(R>ox[-l,l]r^^„, x---x^„„ 

given as the product of the maps vr : M>o x [—1,1] —)■ just mentioned. 

Let m be an integer with n < m < 2n. By dehnition, an (n, m — n)-form on C" with 
logarithmic singularities along Hj is a linear combination, with coefficients smooth functions 
on C"", of the forms 

(-A • • • A-) A dzk (4.2.a) 

Lr 

with R a subset of cardinality m — n of {1, • • • ,n}. 

Writing C+ = M>o x [—1,1] for short, let 

TT = ^ Sai X ■ ■ ■ X (4.2.6) 

be the product of the maps vr : C+ -A S'a-, still denoted by the same letter. It is a continuous, 
proper surjective semi-algebraic map, which is isomorphic over — {0}). The map ion: 

C” -A C"", where i : Sai x ■ ■ ■ x Sa^ -A C" is the inclusion, will also be written vr. 

The pull-back of the form (4.2.a) by vr is the sum of the forms (up to a product of ±v) 

with 

V^P,Q,R ■= /\-^ ^ /\ ^ /\ A dTk) , (4.2.c) 

ieP * j&Q k&R 
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where (P, Q) varies over the partitions of {1, • • • ,n} — R. The function in front of (Pp,q,r in the 
hrst formula is smooth and bounded. 

Consider the map 

C" = X C? X ^ Mjo X [-1,1]*^ X 
obtained as the product of the maps 

-)■ , {Vi, Ti) ^ {Vi) , 

^ [-1, l]'^ , (r^, Tj) ^ {tj) , 

C;^ —)■ C;^ , the identity map . 

The target of this map is a subset of x x (R x R)-^ with coordinates (rj)jgp, {Tj)j^Q and 
Tk)keR- Composing with the inclusion we obtain a map 

q = : C” ^ R^ X R^ X (R^)^ = R^’ x R™-^. 

For i G P, let Hi = {r* = 0}, and for I C P, Hj = flig/Pj. 

For A an m-admissible compact semi-algebraic set of C"^, and u a logarithmic {n,m — 
?7,)-form, there exists an open semi-algebraic set U <Z A which is a Nash submanifold and 
dim(A\P) < m, thus |a;| is dehned. We ask if the integral is absolutely convergent. Taking 
intersections, we may assume that A is contained in x • • • x 3^^. Let tt be the map (4.2.b). 
If A^ ■= A — (UEIj), then by dehnition |a;| is equal to 



Since tt : tt A^ is an isomorphism of semi-algebraic sets, it equals to Xr-i(^o) 

Decomposing the form u as above, one is reduced to the absolute convergence of the integral 



Let <PpQ be the m-form on R-^ x R*^ x (R^)^ dehned by the same formula (4.2.c), which 
has logarithmic singularities along {r* = 0} for i E P. We have (fp^Q^R = (tv'p^Q^R- Applying 
2.5to the set tt~^{AP) and the projection q, we further reduce the question to the absolute 
convergence of 


q7r~ 




Iv^p,' 


Q,R\ 


(4.2.d) 


The last convergence holds true if the closure of qTT~^{A^) is allowable in R-^ x R'^ x (R^)-^ 
with respect to {rj = 0}, i G P. This will be shown in the next proposition. 

Next assume that A is compact m-admissible in (P^)". For a chart C” = ~ let 

Pi = {\zi\ < 1 } if a, = cxo and Pi = > 1 } if ai = 0 , and consider the subset of the chart 


A' = AA (Pi X • • ■ X Rn) . 


Then A' is compact m-admissible in the chart. Since the integral |ci;| absolutely converges 
on each chart, the integral |a;| also absolutely converges. 
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(4.3) Proposition. Let A be a compact semi-algebraic set of C” which is m-admissible with 
respect to {Hj}. Let vr : C" LIA be a map as (4-2.b), and q : C” —)■ be the map associated 
with a partition (P, Q, R) of {!, - ■ ■ , n} with \P\ + |Q| + 2\R\ = m. Then the set q7i~^{A) is a 
compact semi-algebraic set ofW^, which is allowable with respect to Hi = {r.^ = 0}, i ^ P. 

Proof. We begin by introducing auxiliary maps tti and qi. For simplicity assume that tt = 
: C” —)■ C". For the partition {P,Q,R), consider the product map 

1 X TT X TT : X cj X ^ X cj X , 

and let tti : x x —?■ C” be the composition with the inclusion in C”. The map 

TT : C” —?■ C"" factors as tti o pr, where pr : C” —?■ C'^ x x is projection. Also consider 
the map 

X C? X ^ M^o X [-!> 1]^ 
obtained as the product of the maps 

—)■ M>o , (zi) I—)■ (rj), 

^ [- 1 , 1 ]'^ , {rj, Tj) ^ (tj) , 

—)■ Cf , the identity map . 

Note that q = qi opr. We thus have 7iq~^{A) = 7 rigf^(A); we will show below the allowability 
of Triqf^{A). 

For a subset J of {1, • • ■ , n}, the set Hj n (C^ x x C^) will be just written Hj. Let 

Ifj := {{Zi) e X X C^ \ Zi = 0 {i e J), z* ^ 0 (i G {1, • • ■ ,n} - J)} 

be an open set of Hj. For J = 0, Elg is the complement of the union of Hj for i = 1, ■ ■ ■ ,n. 
Clearly, x C® x is the disjoint union of Hj, with J varying over subsets of {1, • • • , n}, 
and H/ = Uj^/EIj. 

For a subset J C {1, • • • , n}, let J' = JAP and J" = Jn(QUP). Over Hj, the induced map 
TTi : 7rj"^(]HIj) —)■ Hj is a product bundle with hber [—1,1]'^". Indeed the map tt : C+ x —)■ 
X is a product bundle over the subset {(zi) G x | Zj = 0 (i G J"), Zi ^ 0 {i ^ J") } 
with hber [—1,1]'^”. 

Since A is compact and m-admissible, for a subset J of {1, • • • ,n}, one has dim(A O Hj O 
□"-) <m — 2\J\. We will show 


dimgiTT^^ ^(A n Hj) < m — I J'l (4.3.a) 

for J non-empty. Also we have dimgi7rj“^(A 0 Hg) < m, which is obvious since tti is an 
isomorphism over A 0 Hg. 

For each non-empty J, we can write 

A n H^ = A'j U A"j 

where Aj, A" are closed semi-algebraic sets of Hj with 

dim Aj < m — 2\J\ and Aj C Hj 0 D . 
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Indeed one can take A'j to be the closure of A fl Hj fl in Hj (with respect to the Euclidean 
topology), and A" = A fl Hj fl -D. 

Since tti is proper, continuous and semi-algebraic, is compact and semi-algebraic. 

For a non-empty subset J C {1, • • • , n} we have 

dim 7 rf^(y 4 j) = dim(y4j) -|- \ J"\ < m — 2\J\ + | J"| = m — \J\ — \ J'\ 

(the last identity holds by \ J'\ + \ J"\ = \ J\). Thus dimgi 7 rf^(y 4 j) <m — \ J'\. 

As for Aj, for each t G {1, • • • , n}, consider the set = !}• lit E J, then Ajr\{zt = 1} 

is empty since Hj n {z* = 1} = 0. If t ^ J, then 

r Hj, n{n = i} iitEP, 

gi 7 rf^(A" n {zt = 1 }) C < Hj^n {Tt = 0 } ii t E Q , 

[ Hjf n {n = 1} n {ri = 0} utER, 

so in either case 

dimq'i 7 r("^(Aj n {zt = 1}) < dimHji = m — \ J'\ . 

Since A" is the union of Ajn{zt = 1} for t, one has dimgi 7 rh^(Aj) < m— \ J'\ for J non-empty. 
The inequality (4.3.a) hence follows. 

Now, for I a subset of P, we evaluate the dimension of the set givrf ^(A) flP/. By = 

7 rf^(E[ 7 -) = Uj^/TTf ^(Hj), one has 

giTTf ^(A) nHi =[J giTTf ^(A n ifj). (4.3.6) 

Jzi 

If / ^ 0, for each J containing I (namely J' D I) we have 

dimgi7rf^(A n Hj) <m — \ J'\ < m — |/| , 

so it follows that dimgi 7 rk^(A) A Hi < m — |/|. This shows that the set gi 7 rf^(A) is allowable 
with respect to P,, i E P. □ 

From this proposition and the discussion in (4.2) we derive the following theorem. 

(4.4) Theorem. Let A be a compact semi-algebraic set of which is m-admissible, and let 
00 be an {n,m — n)-form on CL with logarithmic singularities. Then the integral 



absolutely converges. 

The same holds for an m-admissible compact semi-algebraic set of (P^)"' and a logarithmic 
(n, m — n)-form. 

We turn to another related problem, and we show Theorem (4.7), which will be needed in 
the proof of the Cauchy formula. 

(4.5) Proposition. Let n > 2 and A be a compact semi-algebraic set of C"' which is m- 
admissible. Let tt be a map as (f.S.b). Let P,Q,R be a partition of {1, ■ ■ ■ ,n} with \P\ -\- |Q| -|- 
2|P| = m and with 1 E R, and q : C” —?■ M™' be the associated map. Assume that 

Ac {|zi| > 1^2!} • 
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Then the set qn is allowable with respect to Hi = {r* = 0} for i G P U {1}. 

Remark. (1) Compared with (4.3), the assumption is stronger and the conclusion is also 
stronger. 

(2) Without the assumption A <Z {|zi| > 1-^21}, the set qTi~^{A) may not be allowable. 
Indeed let At = {|zi| < 1} c C, let P be a compact semi-algebraic set of dimension one of 
C with 0 ^ P, and dehne 

A = N xB; 

then A is compact 3-admissible semi-algebraic set of in C^. One easily verihes that the set 
q7r~^{A) is not allowable as its intersection with {ri = 0} is of dimension 2. 

Proof. We adapt the proof of Proposition (4.3), keeping the notation there. With the maps tti 
and qi dehned there, we will show the allowability of qi'Kf^{A). By the assumption on A, we 
have A n Hi = A n H 12 , so A 0 Hj = if 1 G J but 2 ^ J. 

We claim that for a non-empty subset J of {1, • • • ,n}, the following inequality holds: 

dimgi7rh^(y4 O Hj) < m — | J O (P U {1})| . (4.5.a) 

We will derive this from the same inequalities with A fl Hj replaced by A'j and A". 

We hrst show 

dim7rh^(^j) <m — |Jn(PU{l})|. (4.5.6) 

Indeed for A'j we showed in the proof of (4.3) the inequality 

dim7rh^(^j) < rn — \ J\ — \ J'\ . 

If 1 ^ J, then Jn(PU{l}) = J' so (4.5.c) holds. If 1 G J and 2 ^ J, then AflHj is empty and 
the assertion is trivial. In case {1, 2} C J, then | J fl (P U {1})| = | J'| + 1 and | J| > 1, hence 

m — \ J\ — \ J'\ < m — IJ n (P U {1})| . 

Next we show 

dimgi7rh^(y4j) < m — | J fl (P U {1})| . (4.5.c) 

If t G J, then A"j fl {zt = 1} is empty. Assume thus t ^ J. If 1 ^ J, this was shown in the proof 
of (4.3). If 1 G J and 2 ^ J, then A n Hj = 0. If {1, 2} C J and t ^ J, then 

( Hj/ n {rt = 1} n {ri = 0} if t G P, 

qiTrf^{Aj n {zt = 1}) C < Hj/ fl {r* = 0} fl {n = 0} if f G Q , 

[ Hj/ n {rt = 1} n {n = 0 } n {n = 0 } if t g P. 

Hence have dimgi7rh^(A" n {zt = 1}) < dimPj/ — 1 = m — \ J'\ — l=m — |Jn(PU {1})|, so 
(4.5.c) holds. 

For a non-empty subset J of P U {!}, let Hj = fljg/Pj, and we evaluate the dimension of 

qi7if^{A) n Hj. For each J containing I, thus J fl (P U {!}) D I, it follows from (4.3.b) and 

(4.5.a) that dimgi7rh^(AnHj) < m—|J|. Consequently dimg7rh^(A)nP/ < m—\I\, concluding 
the proof. □ 
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We state an analogous result for A meeting Hj only in D. The proof is similar but simpler. 


(4.6) Proposition. Let A be a compact semi-algebraic set of of dimension < m such that 
Af\ (UlHIj) C D. Let ti be a map as (f.2.b). Let P,Q,R be a partition of {!,■■■ ,n} with 
\P\ + \Q\ + 2|i?| = m, and q the associated map. Then q'K~^{A) is allowable with respect to 
Hi = {r* = 0} for i e PU R. 

Proof. We may assume A n (UEIj) C {zt = 1} for some t. Indeed, for a permutation a of 
let 

— |'^(t( 2) 1| ^ * * * l'^cr(n) ^1 } • 

Then C"' is the union of R„ for permutations a, and D n R„ G {za{i) = !}• The given A is the 
union of A fl R^^, and one has {A fl R„) fl (UlHIj) C {za{i) = !}• 

For a non-empty subset / of P U i?, we evaluate the dimension of q7r~^{A) fl Hj. If f G /, 
the set is empty; thus we will assume t & L Then 

r Hjn{rt = i} ifteP, 

qTr~^{A) D Hj C < Hj D {rt = 0} ii t E Q, 

[ P/ n {rt = 1} n {rt = 0} iiteR, 

and it follows that dimg 7 r“^( 74 ) (1 Hj < dim Hj. □ 

(4.7) Theorem. Suppose n > 2 and A is a compact semi-algebraic set of C” which is m- 
admissible with respect to {Hj}. For small t > 0, let 

At = An {\zi \ = t > \z2W , 

which is a compact semi-algebraic set of dimension <m — 1. Let u be an {n,m — n — l)-form 
on C” with logarithmic singularities. Then the integral 



converges to zero as t ^ d. 

The same holds for an m-admissible compact semi-algebraic set A o/(P^)"' and a logarithmic 
{n, m — n)-form u, taking 

At = A n {\zif^ = t> \z2f^} , 

where e* G {—1,1} for i = 1, 2. 

Proof. The case A C (P^)” can be reduced to the affine case by an argument as in (4.2). We 
will thus assume H C C"". 

One may replace A with A fl {l^il > 1^21}, since the set At does not change. So we will 
assume that A is contained in the region {|zi| > 1^21} and At = An {\zi\ = t}. 

For t > 0 small, At is a semi-algebraic set of dimension < m — 1 and dim(HinuHj) < m —2, 
so the integral vol{At;u) = |a;| is dehned. We will show that there exist O, a > 0 such that 

for t > 0 small, 

vol{At] oj) < CP . 
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Let = A — (UHj) and A^ = At H A^. Arguing as in (4.2), it is enough to show that, for 
each partition (P, Q, R) of {1, • • • ,n} with |P| + |Q| + 2|P| = m — 1, we have an estimate of 
the form 

no/(7r"^(A°); <^p,q,r) < Ct^ . (4.7.a) 

If 1 G P U P, then the form involves dri, so it restricts to zero on At and the integral is 

zero. Thus we may assume 1 G Q- 

Let Q = Q — {1} and P = P U {!}; then {P,Q,R) is a partition of {1, • • • ,n} with 
|P| + IQI + 2|P| = m. We have the map 

q:Cl^R^ xR^ X (R^)^ = R'” 

associated with {P,Q,R). If is the (m — l)-form on R™ dehned as (4.2.c), (Pp,q,r = 

'f v'p,Q,R- 

By (4.5), qTT~^{A) is allowable with respect to Hi, i G P U {1}. Thus by Corollary (3.14.3) 
we have, with some C, a > 0, 

vol{qTi-\A) n {ri = t}; ^'p^q^r) < CP . (4.7.5) 

Note that qT[~^{A) fl {ri =t} = qT[~^{At). 

Let q : 7r“^(A) —)■ R™ be the restriction of g; then we have a hber square 

'K~^{At) =—)■ vr"^(A) 

9 <? 

R™-i ^ R"^. 

It follows that 5{q : 7r“^(Ai) R™-“^) is bounded by 5 := 5{q : 7r“^(A) —)■ R™). 

Applying 2.5to q : 7r“^(Ai) —)■ R”^“^, we thus obtain 

no/(7r“^(Ai); <^p,q,p) < 5 ■ vol^qn-^^At)] ^'p^q^r) ■ (4.7.c) 

The assertion (4.7.a) follows from (4.7.b) and (4.7.c). □ 

The proof of the following theorem is parallel, using (4.6). 

(4.8) Theorem. Let A be as in (4-6), and At := An{|zi| = t}. Then foroj an {n,m — n — l)- 
form on C” with logarithmic singularities, the integral |a;| converges to zero as t ^ 0. 

The same holds for a compact semi-algebraic set A of (P^)"" of dimension < m such that 
A n (UH/) C D, and a logarithmic {n, m — n)-form oj, taking 

At = An{\zif = t}, 

where e G {—1,1}. 
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